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LCA groups with trivial multiplier group are characterized. It is found that 
every LCA group with nontrivial multiplier group has an “irreducible” 
quotient with the same property, and the irreducible groups are described. 
1. INTRODUCTION 
Let G be a locally compact abelian group, and let M be the circle 
group. Then by the multiplier group of G, we mean the set of all 
equivalence classes of extensions of M by G where G acts trivially on 
M. The group operation is the well-known Baer product. When G is 
separable metric, the multiplier group is a cohomology group defined 
by means of cochains which are Bore1 functions from G x G into M 
(see Moore, Refs. [3, 41 for an exposition of this kind of group 
cohomology). However, we will discuss multipliers in terms of group 
extensions (so that separability conditions will not be needed), and we 
note that all the requisite concepts of cohomology theory (inflation, 
restriction, certain exact sequences) carry over into this context. 
The problem which we will solve is to find the most general 
(locally compact abelian) group G with trivial multiplier group. We 
will call a group G irreducible if G has a nontrivial multiplier group, 
but for every quotient G/H of G, where H is a closed subgroup of G, 
either G/H has trivial multiplier group or G/H E G. In the course of 
proving our main result, we will show that if G has a nontrivial 
multiplier group, then G has an irreducible quotient, and we will list 
the types of irreducible groups. We note here that an extension of M 
by G is trivial if and only if it is abelian (for the proof, use Pontriagin 
duality theory). Thus, if G/H has a nontrivial multiplier, its inflation to 
G is still nontrivial. 
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We fix some notation. For p prime, C,, denotes a cyclic group of 
order p”, Z, denotes the additive group of p-adic integers, Qp denotes 
the additive group of the field of p-adic numbers, and p(*) denotes 
QJZ, . In pcrn) let x, be the coset of l/p”, so that px, = x,-r and 
px, = 0. Also, Q will denote the additive group of rational numbers 
(with the discrete topology), Z the additive group of integers, and 
V, will denote a vector group of dimension r. G will denote the dual 
of the locally compact abelian group G. 
2. PRELIMINARIES 
Part of the spectral theory established in Moore, Ref. [3], can be 
proved in our context. Let H be a closed subgroup of G. Then to any 
multiplier on G which restricts to the trivial multiplier on H, there 
corresponds in a natural way a continuous homomorphism 
f : G/H + I?. f is trivial if and only if the multiplier is the inflation 
of a multiplier on G/H. If G splits over H, then every f : G/H -+ fi 
arises in this way. Also, if K is any locally compact abelian group, then 
the group of extensions of K by G/H which inflate to trivial extensions 
of K by G is isomorphic to the group of homomorphisms of H into K, 
modulo those homomorphisms which extend to G (where G acts 
trivially on K). 
We will fix some more notation. Let G = V, x G, , where G1 has 
a compact open subgroup (G, is uniquely determined to within 
isomorphism). Let T be the group of all compact elements of G, . Let 
T,, be the identity component of T, and let TP be the group of all 
p-elements of T/T,, for each prime p (i.e., TP = {x E T/T,, : 
linbrn p lzx = O}. Then, as is well-known, TP is closed in T/T, , and 
T/T,, is the “semirestricted direct product” of the T, . G/T is discrete 
and torsion-free. 
A group K such that lim,,, pnx = 0 for all x E K is called a 
p group. If K is ap group, then we denote by Km the group of elements 
of infinite height (i.e., K, = &,,,pnK). If K is a compact p group, 
then Km = {Op>, as follows by Pontriagin duality theory. We will now 
study extensions of the compact p group K by p@). If E is any such 
extension, then E is abelian, since p@) is locally cyclic. Let yn be an 
element of E lying over x, &p trn). Let z, = pny, E K. Then z, is 
determined to within an element of pnK. Also xn+r = z, , modp”K. 
Hence, since n,,opnK = (0) and K is compact, z, + z, where z is a 
well-defined element of K. We write x = c(E). We will show that the 
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correspondence E -+ c(E) sets up an isomorphism of the group of 
extensions of K by P(~) with K. 
LEMMA 1. Any extension of a compact abelian group K by Q9 is 
trivial. 
Proof. Any such extension E is abelian since any two elements of 
QP are contained in a subgroup isomorphic to 2, , and 2 has a dense 
cyclic subgroup. Now we dualize. Since K is compact, B 
subgroup of 8. Since Q, is divisible, the extension splits. 
p is an open 
Q.E.D. 
Now we see that any extension E of K by ptrn) inflates to the trivial 
extension of K by QP . Hence by a result quoted above, E gives rise to 
a homomorphism of 2, into K, uniquely determined since there are 
no nontrivial homomorphisms of QP into K. But (K being a compact 
P group) Hom(Z, , K) is naturally isomorphic to K. Thus we have an 
isomorphism of the group of extensions of K by p(“) with K, and this 
isomorphism is easily seen to be the one established in the preceding 
paragraph. 
3. THE MAIN RESULT 
We first present the list of irreducible groups: 
(1) v2 ; 
(2) V, x F, F discrete, torsion-free of rank one, and F &J 2; 
(3) cp x cp ; 
(4) Qp x Qp ; 
(5) 2, x p@‘; 
(6) QP x F, F discrete, torsion-free, of rank one, and p-divisible; 
(7) p@‘) x F, F discrete, torsion-free, of rank one, and not 
p-divisible; 
(8) E x F, F torsion-free, discrete, and of rank one; 
(9) Certain discrete torsion-free groups of rank two. (In other 
cases, groups of this form have quotients of the form (3) or (7).) 
The proof that the groups on the list are irreducible can be easily 
supplied by the reader with the help of the remarks above and Lemma 
2 below. Q x Q is an example of a group of type (9). 
LEMMA 2. Let F be a torsion-free discrete abelian group. Then if 
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rational rank F = 1, F has a trivial multiplier group, and a.. rational rank 
F > 2, F has a nontrivial multiplier group. 
Proof. If rank F = 1, then F is locally cyclic, and hence any central 
extension of M by F is abelian. If rank F 3 2, then F has a quotient of 
rank two. Thus we may assume rank F = 2, and we assume that F is 
a subgroup of Q x Q which includes 2 x 2. Now the multipliers on 
Q x Q are in one-to-one correspondence with Hom(Q, Q). In other 
words, multipliers on Q x Q correspond to bicharacters of Q (see 
Kleppner, Ref. [2]). Similarly, multipliers on 2 x 2 correspond to 
bicharacters. Now there is a bicharacter of Q whose restriction to 2 is 
nontrivial. Hence there is a multiplier on Q x Q whose restriction to 
2 x Z is nontrivial. The restriction of this to F is a nontrivial multi- 
plier of F. Q.E.D. 
THEOREM. G (notation as in Section 2) has a trivial multiplier group if 
and only if r = 0 or r = 1, and 
I. If r = 1, G, = T, and for each prime p 
B. Tp e H x J, where H has a compact open subgroup K such 
that H/K is the direct product of a divisible group and a cyclic group, 
H, n K is dense in K, % contains no nontrivial divisible subgroups, and 
or 
JsQp, (I.B.1) 
J = CO>. (I.B.2) 
II. If r = 0, G,/T has rational rank zero or one, and 
A. If rank G,/T = 0, Tr is as in I. 
B. If rank G,/T = 1, Tr, is as in I.B.2, and Tr, = (0) for eachp 
for which G,/T is not p-divisible, and there are no nontrivial homomor- 
phisms of GJT into T. 
If G has a nontrivial multiplier group, then G has a quotient of one of 
the nine types on the above list. 
Remark. 1. The conditions in the first part of 1I.B insure that 
there are no homomorphism of G,/T into (T/T,). Thus the meaning 
of the last clause of 1I.B is that no homomorphism of GJT into PO 
lifts to a homomorphism of G,/T into T. 
136 BROWN 
2. Although every group G with nontrivial multiplier group has a 
quotient G/H which appears on the list, the theorem does not assert 
that the multipliers on G can be obtained by inflation from multipliers 
on G/H. 
Pyoof. We first show that the conditions imply G has a trivial 
multiplier group 
(1) Tp has a trivial multiplier group. 2, has a trivial multiplier 
group since it has a dense cyclic subgroup. QP has trivial multiplier 
groups by Lemma 1. We show that there are no homomorphisms of H 
into Qp (&J, h w ere H is as in I.B. Now any nontrivial homomor- 
phism of K into QP has for its image a group isomorphic to 2, , since K 
is compact. But K has no quotient isomorphic to 2, since &? has no 
subgroup isomorphic to p (“), Thus, any homomorphism of H into 
Q, vanishes on K; and since H/K is a torsion group and QP is torsion- 
free, there are no nontrivial homomorphisms of H/K onto QP . We are 
now reduced to showing that H has trivial multiplier group. Let H’ be 
the subgroup of H so that H’jK is the maximum divisible subgroup of 
H/K. Thus, H/K N H’/K x C,, . It is easy to see that (H’), n K is 
still dense in K. Now if E is a multiplier on H, it is easy to see that E 
has trivial restriction to some open subgroup Kl of K. This is so 
because the restriction of E to K is a compact group, and every 
compact group has arbitrarily small closed normal subgroups with Lie 
quotient groups. Now HI/K, is divisible because every element of 
K/K, has infinite height in HI/K, , and H’IK is divisible. Also, 
R, has no divisible subgroups because j?i is a quotient group of I? by 
a finite kernel. Hence, there are no homomorphisms of Kl into l?l . 
Thus, the restriction of E to H’ comes by inflation from a multiplier 
on H’/K, . Since H//K, is a divisible p group, it has a trivial multiplier 
group. ( pcco) has a trivial multiplier group since % locally cyclic. Since 
also there are no homomorphisms of pcco) into p@), it is clear that any 
finite direct product of groups isomorphic to p@) has a trivial mul- 
tiplier group. This implies that an infinite restricted direct product of 
groups isomorphic to p trn) also has a trivial multiplier group.) Thus 
E has a trivial restriction to H’, and it is sufficient to prove that there 
are no homomorphisms of C,, into I?‘. This is the same as proving 
that H’ has no finite quotient groups. This last follows from the fact 
that (H’), n K is dense in K, and H’jK is divisible. 
(2) T/T,, has a trivial multiplier group. There are no homomor- 
phisms of T, into T* ( p $ q) since pq is again a q group. Hence, there 
are no multipliers on any finite direct product of the Tp’s. This implies 
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that every multiplier on T/T,, is trivial. For S, a finite set of primes, 
let A, = nPss Tp , and let B, = nPss K, , where K, is a compact 
open subgroup of Tp such that T/T, is the semirestricted direct 
product of the Tp’s relative to the KP’s. Then, since any two elements 
of T/T, are contained in a subgroup of the form A, x Bs , it is enough 
to show that any multiplier E on T/T,, restricts to the trivial mul- 
tiplier on A, x B, . Now A, has a trivial multiplier group and there 
are no homomorphisms of A, into 8, . Moreover, by the argument 
given in the construction of the group Ki in (1) above, E has trivial 
restriction to B,, for some finite set S’ 1 5’. Since A,t also has a trivial 
multiplier group, we are done. 
(3) T has a trivial multiplier group. Any extension of M by T,, , 
being a compact, connected, solvable group, is Abelian (Iwasawa, 
Ref. [I]). Also, there are no homomorphisms of T/T, into PO since PO 
is discrete and torsion-free. Hence, any multiplier on T is the inflation 
of a multiplier on T/T, , and there are no nontrivial multipliers on 
T/To by (2). 
(4) The final step. The conditions we have assumed imply that 
I’,, and G,/T have trivial multiplier groups, and that there are no 
nontrivial homomorphisms of G1 into p,, or of G,/T into If. These 
facts, together with (3), complete the proof. 
We now show that if G does not satisfy the conditions stated in the 
theorem, then G has a quotient group which appears on the list of 
irreducible groups. 
First of all, if the conditions on r and the rational rank of G,/T are 
not satisfied, then G has a quotient of type (l), (2), (3), (7), (8), or (9). 
((3) and (7) occur because some groups of rational rank two have 
quotients of these forms. (8) occurs because Vi x 2 has a quotient of 
this type.) 
We next consider T, , which is a quotient group of T. Let C be a 
compact open subgroup of T, , and let D = TJC. Then by a well- 
known theorem, D has a pure subgroup D, which is a restricted direct 
product of cyclic groups such that D/D, is divisible. Using the fact 
that a pure subgroup of bounded order of an Abelian group is a direct 
summand, we see that if D, is not cyclic, G has a quotient group of 
type (3). Hence, we assume D, cyclic. Let C, be that subgroup of T, 
such that CJC = D, . Thus, C, is compact and open in Tp , and 
T,/C, is divisible. Let {D, : 01 E I) be a set of subgroups of TJC, 
such that D, g ptrn), and T,/C, is the restricted direct product of the 
D, . Each D, induces an extension E, of C, by ptco) and an element 
c, = c(&) of C, which characterizes this extension. Let Kr be the 
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closed subgroup of C generated by the C, . Then we may assume that 
CJK, is cyclic or isomorphic to Z, . For TP/KIg T,/C, x C,/K,, and 
if CJrC, is not as above, then G has a quotient group of type (3). At this 
point we note that if TP has a quotient group isomorphic to Z, and 
G, f T, then G has a quotient of type (3) or (5). To prove this, we 
may assume that G is an extension of Z, by a torsion-free discrete 
group F of rational rank one. Since p is a divisible open subgroup of G, 
the extension splits, and G has a quotient of type (3) or (5) according 
as F is not or is p-divisible. Thus, if C,/K, s Z, , we may assume 
G, = T. In this case, if T, # C, , then G has a quotient of type (5). 
But if Tp = C, , then clearly K, = (0). Hence, in this case TP g Z, , 
and either 1.A or 1I.A is satisfied. We now assume C,/K, cyclic. If R, 
contains no divisible subgroup, then I.B.2 is satisfied. If k, does 
contain a divisible subgroup, then KI g K x Z, for some compact 
p group K. Now consider L = TJK. Since the c, generates a dense 
subgroup of K, , some c, has for its image in K,/K a topological 
generator of KJK. Thus, L has an open subgroup isomorphic to QP . 
By Lemma 1, TP has an open subgroup isomorphic to K x Q, . 
Since Q, is divisible, it follows that T, z H x Q, , where H r) K and 
KI = K x Z,, C H x Q, . K is related to H as K, is to H, . If Z? 
contains no divisible subgroups, then TP satisfies the conditions of 
I.B.1. If R contains a divisible subgroup, then, as above, 
H N H’ x QP . In this case, G has a quotient of type (4). 
We have thus seen that TP is as in I if G has no quotient on the list, 
and we have settled the case I.A. Now, if T, is as in I.B.1 and G, # T, 
then G has a quotient isomorphic to Q, x G,/T. Thus, G has a 
quotient of type (6) or (7) according as G,/T is or is not p-divisible. 
We therefore assume TP is as in I.B.2 and rank G,/T = 1, and seek 
to prove the remaining conditions of 1I.B. If TP # (0) for some P 
for which GJT is not p-divisible, then G has a quotient of type (3) or 
(7). If not, then any nontrivial homomorphism f : G,/T -+ p maps 
GJT one-to-one onto a subgroup of p,, and T has a quotient group 
isomorphic to (G2). Since G$? is divisible, in this case we see that G 
has a quotient group of type (8). Q.E.D. 
COROLLARY. If G h as a trivial multiplier group, then T has a trivial 
multiplier group. 
REFERENCES 
1. K. IWASAWA, “On some types of topological groups,” Ann. of Math. 50 (1949), 
507-558. 
2. A. KLEPPNER, “Multipliers on abelian groups,” Math. Ann. 158 (1965), 1 l-34. 
TRIVIAL MULTIPLIER GROUP 139 
3. C. MOORE, “Extensions and low dimensional cohomology theory of locally compact 
groups I,” Trans. Amer. Math. Sot. 113 (1964), 40-63. 
4. C. MOORE, “Extensions and low dimensional cohomology theory of locally compact 
groups II,” Trims. Amer. Math. Sot. 113 (1964), 64-86. 
